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ABSTRACT 
A purely matrix method is given to solve a problem arising from target-noise 
theory concerning the volume of an n-dimensional ellipsoid intersecting with a 
hyperplane. 
1. INTRODUCTION 
This paper is devoted to a computation of the volume of the intersection 
of an ellipsoid and a hyperplane. This problem is raised by the study of the 
area of the image of a missile appearing in radar [2]. The problem is partially 
solved in [2, pp. 84-911 and completely solved in [3]. The purpose of this 
note is to give a general treatment of this kind of problem by a purely matrix 
method. 
2. LEMMAS 
Let Iw ” denote the n-dimensional Euclidean space of column vectors. For 
XEIW”, rr will denote the transpose of x. 
We need the following lemmas in the proof of our main results. 
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LEMMA 1. Zf f is a one-to-one continuously differentiable map of a 
nonempty region Q in 02” into W”’ and if det[f’(x)rf’(z)] # 0 for all x E Q, 
then the n-volume of f(a) is given by 
L{det[ f(x)rf’(r)] dxr.. . dx,, 
where x = (x,, . . . , x,)~ and f’(x) is the m X n Jacobian mutrix 
For the definition of n-volume and a proof of Lemma 1, we refer to the 
book of Beauregard and Fraleigh [ 1, pp. 351-3661. 
Let a be a nonzero real number, j? E IR “-‘, and Z a nonsingular 
(n - 1) ~(n - 1) matrix. Then according to the Schur determinantal formula, 
for the n x n matrix 
we have 
detQ=adet(E-:@‘I 
=(a-PTZ-v)detZ. 
As a simple consequence we have 
LEMMA 2. 
pTz_lp _ a = _ ad@ - (W)P~‘l 
detZ f 
Further taking Z = I,_ 1 and considering f a, we have 
LEMMA 3. 
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LEMMA 4. Let 
f:(x l,.**,Xn-l IT+ ( Xl,...,X”_l, +J P- ~~~Pi’i))’ 
be an affine map of R “-I ontothehyp~lanep,x,+...+p,x,=pinW” 
(where pl,..., p, are the direction cosines of the maul vector to the 
hyperplme, so that C~Slp~ = 1). Then 
l/m= i (XEW-1). 
n 
Proof. For each x E W”-‘, 
f’(x) = 
so 
fw’fw = 
1 0 . . . 0 
0 1 . . . 0 
0 ;, . . . i 
Pl P2 Pn-l -- -- . . . -- 
P” P, P” 
2 
1+p’ PlP2 PlP,- 1 - . . . ~ 
P,” P,2 P,2 
P2Pl 
2 
1+p” PzPn-1 . . . ___ 
P,2 P,” P,” 
P,-lP1 P,-lP2 PI?-1 - . . . 
P,2 P,2 
1+- 
P,2 
= 1 n-l+atXT, 
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where aT=(p,/p “,..., p,-r/p,). Thus 
det[ f’(r)Tf’(r)] = det( I,_, + acuT) 
n-l ms 
AND MAU-HSIANG SHIH 
=l+ ,Fl 2 (by Lemma 3) 
1 
=- 
P,” . 
This completes the proof. 
3. THE MAIN RESULTS 
Let n<m, A an mxn real matrix of rank n, PER’“. Then T(r)= 
Ax+hdefinesanaffinemapofW”intoIWm.LetAn={(r~IW”:xT~~1}be 
the unit n-disk. Then T(A”) is called an ndimensional ellipsoid centered at h 
in R”. By Lemma 1, the n-volume of T(A”) is 
where 
.rr n/a 
‘,= r(n/2+ 1) 
is the n-volume of A”, and I denotes the gamma function. 
If E is an n-dimensional ellipsoid centered at h in Iw n, then the equation 
of E is of the form 
(r - h)T(A-‘)TAP’(r - h) Q 1. (3.2) 
Let Q = (A ~ ‘)TA - ‘; then Q is an n x n symmetric positive definite matrix, 
and the equation of E becomes 
X’QX - 2xTQh + hTQh Q 1. 
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Conversely, if Z is an n X n symmetric positive definite matrix, fi E R ’ is a 
fixed vector, and (I is a real number, then the equation 
represents an n-dimensional ellipsoid centered at - Z -r/3 in R ” whenever 
PTIX -‘b - a > 0. Now consider the affine map T(x) = Ax + h with 
-1 
and h = - Z-l/3; 
thus (3.3) is equivalent to (3.2). Consequently the n-volume of the ellipsoid is, 
by (3.1), 
(3.4) 
We now prove our main results. 
THEOREM 1. Let 
2 
d+ 
x2 
a: 
... +--1<1 
a”, 
(ai> for i=l,...,n) 
be an ndimensional ellipsoid centered at the origin in R “, and let 
H:p,x,+ ..+ +p,x,=P (3.5) 
be a hyperpkne in R” (where pr,..., p, are the direction cosines of the 
normal vector to the hyperplurw, so that Z~_pp~ = 1). Zf 
P2 
(3.6) 
(this means that E meets H and the intersection is not a singleton), then the 
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(n - l>ooZume of E n H is 
Proof. Since X~_-,p~ = 1, we may assume that p, f 0. By (3.5) we have 
1 
x, = - 
P, ( 
n-1 
P- C Pix, 
i-l 
Let C be the cylinder 
i 
i . 
(3.7) 
in R “; then E n H = C f~ H. The equation of the projection E, of E fl H 
along the x.-axis into R n-1 is also the equation (3.7), where our underlying 
space is W”-‘. Put 
P2 
a=--1 
4P,2 ’ 
(3.8) 
--y-+,..., - f$), (3.9) 
n n n ” 
and 
Z= ( ~+~)(n_l)x(.,,; (3.10) 
then (3.7) becomes (3.3). We show that E, is an (n - 1)dimensional ellipsoid 
centered at - Z - ‘p in W “- ’ by showing that 
(a) Z is symmetric positive definite, and 
(b) PrZ-‘P-a>o. 
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Clearly Z is symmetric, and 
ZZ=diag( d ,..., $)*(I,_,+oa’).diag( i ,..., $), 
where (Ye = l/a .p,( a ,p 1,. . . , an _ ,p, _ 1). Therefore Z is positive definite, 
and by Lemma 3 
1+ 
detZ= n-1 
(3.11) 
To prove (b), taking a limit procedure if necessary, we may assume a Z 0, 
that is, p2 - afpz f 0. Since 
.diag( t,..., -$-) 
where q’=(a,p,,..., a,_,p,_& by Lemma 3 we have 
i-l 
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Then it follows from Lemma 2 that 
=K>o. (3.12) 
Thus, we have shown that E, is an (n - l)-dimensional ellipsoid centered 
at _zP1fi in Rn-l; by replacing n with n - 1 in (3.1) and (3.4) and 
combining (3.11) (3.12) and (3.6), we have 
[the ( n - l)-volume of E,] = lp,,l 
( Ka)(n - 1)/Z rI:,p, 
Nn + lV2) . /la 
. (3.13) 
Finally, define a one-to-one map f as in Lemma 4; we have (compare the 
equation of f’(CnH) [ =f’(C)nf’(H)] with the equation of E,) 
and our assertion follows from Lemmas 1 and 4 and the formula (3.13). This 
proves the theorem. I 
THEOREM 2. Let 
E, 2 (xi-hi)2 
<1 (a,>0 for i=l,...,n) 
i=l a: 
be an ndimensional ellipsoid centered at (h,, . . , h,)T in [w “, and let 
H’: i p,xi = p’ 
i=l 
(3.14) 
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be a hyperplane in R”. Zf 
K=l- 
(P’- Cl’=lPihi)2 , o 
Cy= laFp’pz 
(3.15) 
(this means that E’ meets H’ and the intersection is not a singleton), then 
[the (n - l)-uohme of E’n H’] = 
(~7r)(~-l)‘~ n:=,ai 
Nn + W2) * &ig . 
Proof. Let p = p’- E~z’=lpihi; then (3.14) becomes 
H’: i pi(xi-hi)=P. 
i=l 
(3.16) 
Since E;_,,pf = 1, we may assume that p, f 0. Emulating the proof of 
Theorem 1, consider the cylinder 
c, “5’ (xi-hi)2 
i=l a” 
/clpi(xi-hi) II 
2 < 1; (3.17) 
i=l 
then 
E’n H’=C’n Ht. 
Let a, /3,X be the same as in (3.8), (3.9), and (3.10), respectively, and E, 
be the same as in the proof of Theorem 1. The condition (3.15) ensures (3.6) 
holds, so that (3.12) follows. 
It is easily seen that the one-to-one map 
dx 1,“” x,_~)~= x,+h, ,..., ~,_~+h,-l, 
maps E, onto E’n H’ (compare the equation of g-‘(C’n H’) [ = g-‘(C’) n 
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g- ‘( If’)] with (3.7)), and observe that the Jacobian matrix g’(x) of g is the 
same as f’(x) in Lemma 4, whence 
the (n - l)-volume of E’ n H’ 
=~/~dr,...dx,_, (byLemma1) 
0 
b4(“-1”2 
= r(( n + 1)/2) 
This completes the proof. 
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